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the second moment of the exciton. The three points
shown in Fig. 2 were measured at 300, 440, and 600°K,
respectively. Comparing with Martienssen’s measure-
ments of the width of the exciton peak as a function of
temperature, we find (Exc?)~(FEc?). This is very close
to the corresponding result for F centers.
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Soft-Mode Damping and Ultrasonic Attenuation at a
Structural Phase Transition
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The soft-mode damping and the ultrasonic attenuation at a displacive phase transition has been calculated
with the help of a model Hamiltonian. The soft-mode damping parameter T is finite at the transition tem-
perature, whereas the ultrasonic attenuation « is singular. For sound frequencies w<T, the ultrasonic
attenuation is proportional to the sound frequency squared with critical exponents n=0.5 and 1.5, respec-
tively, for weakly damped and strongly overdamped soft-mode frequencies. A comparison is made with
previous calculations based on the Silvermann model.

I. INTRODUCTION

MODEL Hamiltonian has recently been con-

structed to describe displacive structural phase
transitions in perovskite-type crystals of the form
ABO; involving rotations of the BOg octahedra.!:? The
model Hamiltonian is expressed in terms of localized
displacement fields R(?) associated with each unit cell
where R(?) is an axial vector describing the rotations
of the oxygen octahedra about the cell center.

From the model Hamiltonian, the behavior of the
soft dynamical modes associated with the phase tran-
sition and the static angular displacement have been
calculated as functions of temperature.2

The displacements of the oxygen octahedra are
coupled to the static strains.®:* This interaction is im-
portant in determining both the amount of distortion
and the form of the eigenfrequencies of the coupled
system.?4

In this paper, we present the results for the attenua-
tion of the acoustic phonons and the soft optical pho-
nons due to their mutual interaction. A model Hamil-
tonian may be constructed by expanding the potential
energy of the strained crystal in terms of the strain and
the oxygen-ion displacement fields. Then, making use
of the transformation given in Ref. 2 connecting the
oxygen-ion displacements and the operators R(l), the

1H, Thomas and K. A. Miiller, Phys. Rev. Letters 21, 1256
(1968).

2 E. Pytte and J. Feder, Phys. Rev. 187, 1077 (1969).

3 J. C. Slonczewski and H. Thomas (to be published).

¢ J. Feder and E. Pytte (to be published).

Hamiltonian takes the form5

H=3 Gopipn[eap(l)+eas(l) Jys; (1)
XLRAORNI)+RA() R ()], (1)

where e;;(/) are localized strain tensor components.
There are four independent coupling constants Gagiin,
and these are listed in the Appendix. The coupling
function v,;(%l’) is a symmetric matrix. When expressed
in terms of its Fourier transform,

Yi(W)=(1/N)Lq e OOy (q),  (2)
it has the simple form

vi(@=3(1—cosgia) for i=j,

vii(@)=3(1—cosqa) for ik, 3)

where, 7, and & refer to the three Cartesian coordinates.
The vector X(I) denotes the center of the /th unit cell.
Because

7ij<q= O) =0 ) (4)

the Hamiltonian vanishes when all the octahedra rotate
in phase as required on physical grounds. We also note
that

©)

for all 7 and j, where qz is the wave vector at the R
corner of the Brillouin zone.

The Hamiltonian Eq. (1) has the proper symmetry
and transformation properties appropriate for the cubic

vi(qr)=1

5 A more detailed derivation of the model Hamiltonian will
be presented in Ref. 4.
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perovskite structure. The distortion from cubic sym-
metry below the transition temperature is described by
nonvanishing expectation values of the operators Rx(7),
and the strains e;;(!). The strain tensor e;(f) will, how-
ever, have nonvanishing expectation values also in the
cubic phase above the transition temperature which
then describes the usual thermal expansion. We set?

R\()=(RD))+n(), (©6)

where the angular brackets denote the thermal average
and 7\(!) describes the fluctuation about this average
value. As the direction of the displacement alternates
from one cell to the next, we write

(RA())=Apefar=®, )
For the strain tensor, we set
eii(0) = (eii())Fui;(7) . ®

The fluctuations about the average values of the strain
may be expressed in terms of the normal-mode co-
ordinates of the acoustic phonons in the usual way,

uii(1) =3i(1/v/N) 2 €' * O gie;(ua) +gjei(ue) JO(ua) ,( 0)

where Q(uq) is the normal-mode coordinate for the uth

Hr=A7Y er ‘”)(%Gn[:u%(l) +%33(l,)][')’11(”’) +’Yz2(ﬂl)]

w
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acoustic branch of frequency w(uq), wave vector q, and
polarization vector e(uq).
For 7(!) we make use of the expansion

nO=U/VNZ e Oon@sn(@),  (10)

with &y (q) and sx(q) as defined in Ref. 2.

When the Hamiltonian Eq. (1) is expressed in terms of
the static and dynamic parts of Ry(!) and e;;(J) by means
of Egs. (6) and (8), the Hamiltonian will consist of (1)
static terms depending only on the expectation values
{e:;(})) and (Rr(})), (2) terms linear in the normal-mode
coordinate 7\(?), (3) terms linear in #;(!), (4) terms
containing products of #;;(!) and r\(!), and (5) terms
bilinear in the operators 7\({) and linear in #;(l).

The contribution of the first four sets of terms to the
static properties of the system and to the soft-optical-
mode frequencies is discussed elsewhere.? (These terms
do not affect the acoustic-mode frequencies.) In this
paper, terms 4 and 5 will be considered. For simplicity,
the discussion will be restricted to the case of tetragonal
distortion. Then, only one of the components A, is
different from zero,®

(1)

The resonant interaction Hamiltonian then takes the
form

Ar=Abxs.

FGrof [11(0) F21:(1) Ty oo Q) 4 Laton(V) +22(V) Ty 12(W) } FGrs{ L2011 (D) 2011 (F) Iy 12 (1) —y 2201 ) ]
+Lataa(D) +a2o(l") Iy 22 (@) =y 1 (i) 1})rs(l') +2G 144 %: e XM Cogy3(0) +a13(0) Ty as(W)r (V)

Making use of the expansions of #;;(!) and 7\(}) in
terms of the normal-mode coordinates Eqgs. (9) and (10),
this Hamiltonian may be written

Hp=i4 )\Z Aua)Qua)sr(az—q), (13)

where the form of the coupling factors fa(uq) follows
trivially from Egs. (3), (9), and (10). The resonant
interaction is proportional to 4 and is therefore different
from zero only in the distorted phase.

Similarly, the scattering terms which have the same
form as Eq. (1), with Ry(?) and e;;(?) replaced by n()
and #;;(l), may be written in the form

Hs= % Iw(ukq)Qu)si(—k)sy(k—q).

kq, AN

(14)

In the subsequent calculations it will be convenient

6 Whereas in Refs. 2 and 4 it was convenient to use the 1 axis
as ¢ axis, in this paper the more conventional notation with the
3 axis as ¢ axis will be used.

+Lrtas(D) +u2s(l) Tyas(@)r(1)y . (12)
to make use of the Green’s functions
Dy(a, 1—t) = —i{[Qu@)0u(~ )]s,
Gi(q, t—1")= —i([s\(@)sx\(—a?) 11, (15)

where the -+ denotes the Wick time-ordering operation.
In the case of commuting operators [4 (£),B(¥)]=0,
the equations of motion for the Green’s function G(—#)
= —([A(®)B(')]:) may be written
—(8%/9)G(i—t) =8(t—1'){[(8/9D) A (1),B(®) )
+(=i)([—(8*/0)A®B) ). (16)
These Green’s functions possess Fourier series expan-
sions and spectral representations’

Gi—1t)=

o) = / dw A(w)

2w w,,——w

—iwe (=¥ )G(wv) )

an

(18)

7 See, e.g., L. P. Kadanoff and G. Baym, Quantum Statistical
Mechanics (W. A. Benjamin, Inc., New York, 1962).
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with w,=mv/(—18) where v is an even integer. For the
acoustic phonons, we have

(9/00)Q(ug)= (1/M)P(u, —q), (19)

where M is the mass of the unit cell and P(uq) is the
canonical conjugate momentum to the normal-mode
coordinate Q(uq),

[0u(@),Pw(q) ]=10,uu8qq" - (20)
For the optical-phonon modes,? we have
(9/00)sn(@)=pr(—1q), 1)
where
[sa(@),px (@) 1= 100 8qq’ - (22)

The contribution of the scattering interaction H g to
the soft-mode attenuation and to the ultrasonic attenua-
tion will be considered in Secs. II and III, respectively,
and in Sec. IV the effect of the resonant interaction
H z will be discussed.

II. SOFT-MODE DAMPING

In the presence of the scattering interaction, the
equations of motion for the optical-phonon Green’s
functions take the form

—(92/9)Gr(k, {—1") —e2(K)Gr(k, t—1")
=5(—1)—1 > g (ukq)

Mug

X{(sx(k—q, DQ(uar)sx(—k))4), (23)

where
oo (ukq) = I (ukq)+ I (u, q—k, @) . (24)

The left-hand side and the first term on the right-hand
side represent the result for noninteracting optical
phonons.? In the last term which is due to the coupling
to the acoustic phonons, we make a perturbation expan-
sion® and keep only the lowest-order terms which are
proportional to the coupling constants squared. The
interaction term may then be expressed in terms of
products of acoustic- and optical-phonon Green’s func-
tions. Making use of the Fourier series expansion Eq.
(17), we obtain

[e2—en2(k) —Za(key) JGr (k) =1, (25)

o (uka)gan (u, —k, —(l)/ 1
\w—l-w(/uq) w

>

T (kw) =
¥ 16 %2

w(pq)

X o(w—en (k—q)+e(uq))+

w—w(uq) »

E. PYTTE 1

where
Za(ke,) =1 )Z o (wk@) g (u, —k, —q)
’uq
1
X P Z G)‘I(k—q’ w"—wl")D#(q;wu’) .
(—18) »

Further, using the spectral representation Eq. (18) for
the Green’s function and the summation formula

(26)

1 1
-, = —1% coth3Be, 27
Wy—€
the expression for 2\ may be written
Zx(kz) =% NZ o (ukg) gan (u, —k, —q)
By
dwde’
/ (coth3Bw—cothifw’)
(2m)*
A)\o(k_qa w)Aua(qy""l)
X , (28)

240 —w

where the superscripts are used to distinguish the spec-
tral weight functions of the acoustic- and optical-
phonon Green’s functions.

The function Z)(kz) is an analytic function of the
complex variable z except on the real axis. When we
approach the real axis from above, we may define the
real and imaginary parts of 2, by the relation

lil’gl Za(kw+ie) =ReZy(kw) —¢ ImZy(kow).  (29)

The real part of 2\ will give a shift in the optical-
phonon frequencies e\, while the imaginary part will
give an attenuation. In 2)(kw), we substitute the spec-
tral weight functions for noninteracting optical and
acoustic phonons,

A,%(qw) = [7/Me(ug) JL6(0—w(uq)) —d(o+w(ua)],
Ayo(qu)=[r/e(@ J[o(w—er(@) —d(wt+ea(@)].  (30)

From Eq. (28) the imaginary part may then be written

Im>) (ko) = 20T\ (kw) , (31)

where

1
~{cothgBe(ug) —cothyBlw+w(uq) 1}

11
R —{cothgBw(ug)+cothBlw—w(ua) T} 8(wtex (k—q) —w(ug))

+5(w—6x'(k—(I)—w(uQ))}>- (32)

8 See, e.g., H. S, Bennett and E. Pytte, Phys. Rev. 155, 553 (1967), Appendix A.
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In order to calculate the damping of the soft mode at
the R corner of the Brillouin zone, we evaluate I'\*(kw)
for w=ex(k) and k=qg. If we assume that the optical-
phonon spectrum is isotropic in the neighborhood of
q=(qg, it may be written in the form?

a’(qr—q)=aX(1)+a’s, (33)
where
(1) ——> a(| T=Ta[)"?, (34)

with @ in general different for 77> 7, and T'<T.. The
mode e3(7) is a singlet, whereas €:(7) = e2(T) is doubly
degenerate. For the acoustic-phonon frequencies, we
use the linear approximation

()= cyg. (35)

The integrals in Eq. (32) will be evaluated in the limit
T — T,. Because of the energy-conserving 6§ functions,
only relatively small values of ¢ will contribute, which
justifies the use of the small ¢ form of the spectra. For
T<T,, we obtain

T'1,0°=(a®/157)(1/MB.)
X {(3G1124-8G 122+ 4G 11G12+4G1?) 11 (1)
F+4G 12T 13(0) 4+ 2Go?[ 11+ T11() 1}
1130 = (03/157l') (I/Mﬁa) { (3G112+ 8G122+4G11G12)
K I33(0)+8G1a?T13(0)+4G a2 T15(2) }

where I (u) is given by

(36)

04*
T () = —
wlw) 40,,2<! exv+cuQx| [ cuen — (n>—c,2) Q4 |
+ e ), @37
[ex+cuQ-]| | cuen — (a2 —c,2) Q-]

with

Q+.—: [1/(‘1X2—5#2)]{Cnfhl
:|:[C,‘2€)‘2+a)‘2(6)\2—6)"2)]”2} .

For A=)\’ the expression for I has the simple form

(38)

1 1
Ia(w)=—

Cu |Cut—ar

. 3
; (39
For T'>T,, the optical-phonon frequencies are degen-
erate, under the assumption that the spectra are iso-
tropic, and the expressions for the soft-mode damping
given above both reduce to

a3

1
<(3G112+8G122+4G11G12+8G442)

157 MB,

1 1
X —————— +4G > — ) , (40)

c1|cit—at| el et —at|

where ¢; and ¢, are the sound velocities, respectively,
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for longitudinal and transverse acoustic phonons in the
undistorted structure.
In this derivation use has been made of Eq. (5) and
the fact that 2
(41)

in order to simplify the coupling factors. In all cases
T\(T) goes to a constant value #0 as 7' — T,.°

This result should be compared to the singular
behavior obtained in a recent calculation of the soft-
mode attenuation at a displacive phase transition®
based on the one-dimensional Silvermann model.!! The
singularity is due to the different phase-space factors
in the one-dimensional model. If the integral in Eq. (32)
is evaluated for the case that all the wave vectors are
one-dimensional we obtain a singularity of the form

b (qr) = o

ro(T) _T—»_)T., (‘I*T_ ) .

(42)

III. ULTRASONIC ATTENUATION

The ultrasonic attenuation is obtained analogously
from the acoustic-phonon Green’s function. For the
latter we obtain

[y —w*(u) = Pu(qen) 1D, (aun) = 1/M ,  (43)

where

i 1
P#(qu) = X Z g)\)\'(,ukq)h)\)\'(uy —'k; —q>
M —iB w’

X Gy (kw,)Gr(k—q, wy —aw,)  (44)

describes the interaction with the optical phonons.
Making use of the spectral representation for Gy(kw,)
and performing the »" summation gives

1
Pulaw)=— > gw(uka)ian (u, =k, —q)
2M MWk

Uy

dwdw’
X / o k= )

2m)

y [cothiBw—-coth3Bw’]

(45)

w,tw —w

Then defining the real and imaginary parts of P,(qz) as
in Eq. (29) for Z\(kz), we obtain

1
ImPu(qw) = — > g (ukq)n(u, —k, —q)
4AM MW,k

do’
x / X o) (o =, k=)
2w

~+[coth}Buw’ —cothiB(w —w)]. (46)

9 However, it should be noted that because the calculation is
based on perturbation theory, it is, strictly speaking, valid only
for e >T)°.

10 K. Tani, Phys. Letters 25A, 400 (1967).

11 B, D. Silvermann, Phys. Rev. 125, 1921 (1962).
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Whereas in the calculation of the soft-mode attenuation
the damping of the acoustic phonons could be neglected,
in the calculation of the ultrasonic attenuation it is
important to include the damping of the soft optical-
phonon modes. In the frequency and temperature ranges
of interest for ultrasonic attenuation experiments, it
will usually be true that w, &I\ even when I'\°Kex
and the soft modes are underdamped.

When the soft-mode damping is included, it follows
from Egs. (18), (25), and (31) that the spectral weight
function 4°(kw) may be written

4T\ °(kw)
[0 — e2(k) P4 2(ko)

A°(kw) = 47)

In the limit T'\*(kw) — 0, this expression reduces to that
for the free optical-phonon Green’s function given by
Eq. (30).

The ultrasonic attenuation coefficient «,(q) is defined
by

wu(@)=cu(g—1a,(a), (48)
and is related to ImP,(q,0) by
au(q)=[1/ 2wn(q)5u] ImP (q,w.(q))- (49)

The expression for ImP,(qw) has been evaluated for
w=w,(q) in the limit ¢— 0 and 7" — T, for different
relative values of w,, €, and I'x°. The leading contribu-
tion to the summation in Eq. (46) comes from k=~qg,
and Eqgs. (5) and (41) may again be used to simplify
the coupling factors. Explicit expressions for the latter
will be given only for sound propagation along the
crystal axes.

For T<T,, different results are obtained for propa-
gation along the ¢ axis and along an a axis. For longitu-
dinal phonons the ultrasonic attenuation may be written

ai(q) = B(w)[G11’K 55+ 2G12?K 11 ],

a1(q)= B(w))[G1:?K 11+ G12*(K 33+ K11) ]
for these two cases, respectively. The form of B(w,)
and Ky will be given below. For transverse phonons

propagating along the ¢ axis or along an ¢ axis with its
polarization vector along the ¢ axis, then

Ol;(q) =B (w t) 2G442K13

(50)

(1)

whereas the attenuation for a transverse mode propa-
gating along an ¢ axis with its polarization vector along
the other ¢ axis is given by

a(q)=B(w)2Gs K11+ (52)
For T>Ta, a, is given by
ai(q)= B(w)[Gu®+2G1* 1K, (53)

ag(q) = B(w t) 2G442K N

respectively, for longitudinal and transverse phonons
propagating along a cube axis. Because the optical-

E. PYTTE 1

phonon modes are degenerate for 7>7,, we have
dropped the subscripts on K.

For B(w,) and Ky only the leading contributions in
the limit w, — 0 and 7" — T, will be given. For I'*(kw)
=0 we obtain, under the assumption that w,<ex,

B(w,) = (a%/87)(wu/MBacy?) , (54)
Kan=[(a2—c)"%/an%er], for ar>c,
K)‘)"R’IO, for a)\<0,‘. (55)

The coefficients ey are defined by Eq. (33). The con-
dition ay>c¢, in Eq. (55) is required in order for energy
and momentum conservation to be satisfied for the
process in which an optical phonon is scattered with the
emission or absorption of an acoustic phonon. The off-
diagonal component K13 will be smaller than Ky by a
factor of order w/e, even when conditions on the relative
values of oy and ¢, are satisfied, because of the different
gaps in the e1(g) and es(q) spectra. Thus for T'\°=0 the
leading contribution to the ultrasonic attenuation is
linear in the sound frequency and has a square root
singularity at 7= T,

acw/(|T—T,])"?, (56)

provided a soft-mode frequency exists for which ax>¢,.

If we evaluate the expression Eq. (46) for I')o=0,
ax>c,, and for one-dimensional wave-vector depend-
ences, we obtain

aocw/([T——Ta]):"/?, (57)

which agrees with the result obtained by Tani and
Tsuda'? using the Silvermann model. To give a correct
description of the soft-mode damping and the ultra-
sonic attenuation, a generalization of the model to
three dimensions is required.

Because I''*&Kw, is usually not an interesting case
experimentally, more detailed results for I'\*= 0 will not
be given. When I'\#0 and w,<T\% the ultrasonic at-
tenuation will be proportional to the phonon frequency
squared. We obtain

a3
B(wy) = — wu?.
() 32m MBuc,®

(58)

If the soft modes are underdamped such that e>>T'e,
then Ky is given by

K= 1/01)\311)\"6)\ , (59)

with K3 smaller by a factor of the order of I'*?/¢2 For
overdamped soft modes when I'\>e\, we obtain

Kyw=[16T2Tx%arar/ (arex+ane)]
X Lanea(Tran 24 ThoanH) 12
Faran (Ta%en 2T o) V21
X [anexr (Ta%ans 24 T'arcan?) /2

Faran (Thoen 2+ Tt ) V2] L. (60)

12 K. Tani and N. Tsuda, Phys. Letters 25A, 529 (1967).
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The diagonal elements of this matrix reduce to the
simple form
En=T/a’ed. (61)

We obtain a different temperature dependence in the
neighborhood of the transition temperature, depending
on whether the soft mode is underdamped or over-
damped in the temperature region where the ultrasonic
attenuation’ becomes large. For w,&T)° and I'Kex,

axw?/(|T=Td|)"2, (62)
whereas
a=w®/(|T—T4|)** (63)
for Th>en.
Because the critical scattering of sound occurs very
close to the transition temperature, it is to be expected

that the soft mode will, in most cases, be overdamped.

IV. RESONANT INTERACTION

The resonant interaction described by Eq. (13) leads
to coupled acoustic- and optical-phonon modes. The
dispersion equation for the coupled modes may be
derived from the equations of motion of either the
acoustic- or the optical-phonon Green’s function.

For a weakly coupled system, the acoustic-phonon
Green’s function may be written

[22—w*(uq) — P u(q2)+ (4%/M) 3 fr(ua) fr(u, —q)
XG\(ar—q, 2)1D,(az)=1/M, (64)

where the last term in the bracket is due to the resonant
interaction. The contribution of the scattering inter-
action Eq. (14) to P,(gz) was calculated in Sec. III.
The poles of the Green’s function D,(qz) determine the
eigenfrequencies. Although the derivation of this ex-
pression is based on perturbation theory, we include the
attenuations of the acoustic and optical phonons cal-
culated in the preceding sections. Substituting for the
optical-phonon Green’s function, we obtain the dis-
persion relation

A?

22— w?(uq) 42427 ,%(qz) — —Zl}

X3 Aua) fialu, —a) —0.

, (65)
22—ea(qr—q)+2izI\(qr—q, 2)

Alternatively from the optical-phonon Green’s function,
we obtain the complementary expression

AZ
22—ea(qr—q) —2il(qr—q, 2) — —
M

He) i, —0)

" —wt(uq) 26T (0r)

The coupling factors fa(uq) are proportional to the
wave vector ¢. The resonant interaction will therefore

(66)
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not affect the optical-phonon frequencies at q=qg. It
will give a shift in the coefficients ey of the g2 term in the
dispersion curve Eq. (33) and in the sound velocities of
the acoustic modes. Because the coefficients ay are not
well known, even in the absence of the coupling, we
consider only the shift in the velocities of the acoustic
modes.

If we consider sound propagation only along certain
symmetry directions in the small-q limit, a given acous-
tic mode will couple only to a single optical-phonon
mode ex. The dispersion curves Egs. (65) and (66) then
reduce to

[2*—w?(uq)+2i2T2*(qz)]
X (22— ex2(qr—q)+ 2272 (qz—4q, 2) ]

= (44%/M)g*G*(uN),  (67)

where the coupling constants G(u\) may be determined
from Egs. (12) and (13) for the particular cases
considered.

In order to study the changes in the sound velocity
due to the resonant interaction, we set z=~w(uq) and
consider the small-g limit. For w,&e\, we obtain from
Eq. (67),

242 G2(w) 1
é"=w"<1— >

MC,,,Z e>\2 1—|—wﬂ2n2
242 GXu\)

—i{ Tyt ——g? ———) 68
1( e )

M €2
(@)= 2I"(qz—q, ©(uq))/e\*(qr—q) ,
I,(q)=T,%(q,»(uq)).

Similar expressions for the frequency shift and the
ultrasonic attenuation have been derived by Zurek!?
using the Landau-Khalatnikov theory. The relaxation
time 7, is singular provided the soft-mode relaxation
frequency I'\°(qr—q, w(uq)) goes to a finite nonzero
value in the limit 7'~ T,. Then

2T\ dx
. TTq (Ta—T) )

where

(69)

(70)

=

If the soft-mode damping is neglected, a finite discon-
tinuity in the sound velocity is obtained at T'=T,,
since both A% and ex? are proportional to (7T4—T) for
TS T, The effect of the factor 1/(14w?7?) is to smooth
out the discontinuity. Because of the frequency de-
pendence of I'\°(w) the value of T',° in Eq. (70) is not
directly related to the soft-mode linewidth.

Making use of the relationship between the sound
frequencies and the elastic constants, we may deduce
from Eq. (68) the corresponding changes in the fre-

13R. Zurek, thesis, Technische Hochschule Miinchen, 1969
(unpublished).
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quency-dependent elastic constants. We obtain

Zu(w)=c11—G122D3(w), Ta3(w)=c11—G11®D3(w) ,
Cr2=c12—G12?D3(w) , C13(w) = c12—GuG12D3(w) , (71)
Cas=1Cy4 —-G442D1(w) ; Co6= Cas.

Here
4p A2 1
— (72)

where p is the density of the crystal. The w=0 limit
of these expressions has also been obtained by Slon-
czewski and Thomas®** from a phenomenological energy
expression.

In addition to the shift in the sound velocity given
by Eq. (68), a singular contribution is obtained from
the real part of the function P(q,2) discussed in Sec. III,
of the form

B/ | T—Ta ]2,

where B, is a constant. This dependence is independent
of the relative values of w, I'’, and e.

From Eq. (68) the contribution of the resonant inter-
action to the ultrasonic attenuation may be written

4G*(un)A? 1

W)= 3 2 2. 2
Mcd  e? 14wu’ny

For a longitudinal mode propagating along a crystal
axis, then, the coupling constants G(I3)=G(I2)=0,
while G(I3) is equal to Gi; for propagation along the ¢
axis, and equal to Gy for propagation along an @ axis.
For a transverse mode propagating along the ¢ axis and
along an ¢ axis with its polarization vector along the
¢ axis,

wuT)

(73)

G@2)=0
A transverse mode propagating along an ¢ axis with its
polarization vector along the other a axis does not

couple to the optical phonons via the resonant inter-
action, as may be seen directly from Eq. (12).

or G(1)=0,

or G(tZ) = G44 . (74)

14 However, in Ref. 3 it was assumed that Guu=—2G12.

E. PYTTE 1

The ultrasonic attenuation given by Eq. (73) peaks
for w,m=~1 and then goes to zero as T — T,. For tem-
peratures such that wr<1, the attenuation will have
the form of an additional singular contribution,

acw?/(Te—T). (75)

V. CONCLUSION

In this paper interactions between soft optical and
acoustic phonons have been studied with the help of a
model Hamiltonian. Although this Hamiltonian was
constructed for phase transitions connected with the
condensation of a particular optical-phonon mode in a
particular structure, results such as the constant value
of T' at T=T, and the dependence of the ultrasonic
attenuation on w and the soft-mode frequency e may be
expected to apply also to other displacive phase tran-
sitions for which the coupling is linear in the strain and
bilinear in the soft optical normal-mode coordinates, in-
dependent of whether the phonon instability occurs at
¢=0, q=4qg, or at a general point in the Brillouin zone.
It should be emphasized, however, that the critical
exponents have been derived only for isotropic spectra,
whereas the soft-mode frequencies are in many cases
very anisotropic. Furthermore, a linear dependence of
&2 on¥|7T—7T,| has been assumed for I'~7T,. This
dependence presumably breaks down sufficiently close
to T.

APPENDIX

The interaction Hamiltonian Eq. (1) contains four
independent constants:

1 — — — —
an— Gri2011= Gr13311= Gaz1120= Gas3322
= G331133= G33033 y

3G13= Gui1120= G111133= Gazsa11= Gazoass
= Gs311= G3aazo2,

%(Glz —G13) = G112233= G113s00= Gaan133= Gaozsn
= G331122= G332211 5

G44= Gio1012= G131313= G232323 .

All other coupling constants are equal to zero.



